1.2 Limita funkce

COSX — CcoS3x

1.2.59 lIim 5

x—0 X
Reseni:
. cosx—cos3x . (cosx—1)+(1—cos3x) . cosx—1 .. 1-cos3x
lim 5 = lim 5 =lim——+ lim——=
x—>0 X x—>0 X x—>0 X x—>0 X

1- ) 1- . 1-
:—lim—czosx+11m9—cos'23x:—l 911m—cosz3x:—l+9-l:4_1.

x50y x50 (3x) 2 x>0 (3)6) 2 2

12,60 lim—rSmx=cosx
x=>0] 4 sin px — cos px

Reseni:
l-cosx sinx
. 1 +sinx —cosx . (1 - cosx)+ sinx . x " x
lim - = lim - = lim - =
x>0 ] +sin px —cos px x>0 (l—cospx)+ sin px x—0 l—COpr+ sin px
X X
1-— i l—cosx sinx
‘ c;)sx+smx (x- ° + x)
= lim - L =lim =
x20 o l—cospx  sinpx o0 ]_cospx sin px
p X 2 p 5
(pX) px (px) px
. 1 —cosx . sinx 1- i
lim (x-z j+ lim === limx-lim = + lim "
_ x>0 X x>0 x . x>0 x>0 xz x>0 yx
- i . . 1= ) i
i [ e =02 (S )y e LTSO8 [psmpx
x—>0 (px) x>0 px x—0 x—0 (px) x—0
1
AR
Ol+ 1 P
) p
12,61 1im 2™ ez,
¥ 7 Sin nx
Reseni:

Miizeme udélat vhodnou tpravu mx = (mx — mz )+ mz. Dostavame
sinmx _ [sin (mx — mz) + mr] _ sinm(x — 7)cosmzx _ (=1)"sinm(x — 7) _
sinny  sin[(mx —nz)+nz]  sinn(x - 7z)cosnx (~1)"sinn(x - 7)

(—1 e —si‘nm(x — 7[) odtud
smn(x -

;



.sinm(x—ﬂ)

. . m
lim 2 fim (—1)m‘”—sf“m(x_”) =(=1)""" lim mx—x) _
Y= SIn nx x>z Slnl’l(x—ﬂ') x>z n'SIHI’l(x_ﬂ')
n(x—r)

lim sinm(x — 7[)
:(—1)'”-"2“” m(x - 7)
no sinn(x - )

or p(x—7)
sinm(x — 7)

lim ( ) vypocteme snadno podle véty o limité slozené funkce. Vezmeme vnitini
o1 omlx -7
. \onr . sin y ,
funkci g (x)=m(x — 7) a vn&jsi funkei f(y)= . Plati
y
lim m(x—7)=0, lim>—2 =1
x> y—0 y

B sinm(x — )

Pro limitu slozené funkce f(g(x))= potom dostdvame

m(x - 7z)
lim sinm(x — 7[) lim S
o m(x—;z) yo0
Tedy podle ptedchoziho
lim Sl‘n mx =\— I)M—n ﬂl — (_ l)m—n ﬁ
X7 81N nx n 1 S

1.2.62 lim tg2x-tg (% - xj

X — =
4

Reseni:
Je vhodné nejprve tangenty vyjadiit pomoci sinu a kosinu.

(7
i sin| ——x
V4 sin 2x
tg2x-tg(z—xj— .

 cos2x T
cos| ——x
[4 j

1 L e XA g Tienns . L T
Nyni dame zv1ast’ tu ¢ast limitované funkce, ktera je spojita v bodé e

(7 . (7
, sin| — —x , sin| — —x
sin2x (4 j_ sin2x (4 j

cos2x /4 T CcoS2x
cos| ——x cos| ——x
4 4

Odtud




(7
, sin| — — x _
sin 2x [ 4 j . sin2x

. V4 )
lim#g2x-tg| ——x | = lim = lim ————
N 4 PN T cos2x N T
4 4| COS| —— X 4COS| ——X
4 4
. T . T . T . T
sin| ——x sin2 -~ sin| ——x sin| — —x
) 4 4 . 4 ) 4
- lim = - lim = lim —2%
% coS2x (71' 7[] +%  CcoS2x % CcoS2x
4 cos Z—— 4 4

Cely vypocet bude v potadku, pokud posledni limita existuje a je vlastni. Nejprve provedeme
upravu

. T . T . 4 . 4
Smj| ——Xx S| ——X Sm| ——Xx Sm| ——Xx
(4 j_ (4 j _ (4 j _ (4 j

cos 2 cos| 2 x—E +2£ —sin2 x—z —2sin x—g cos x—z
4 4 4 4 4
. (7
sin| ——x
(4 j _ 1
2sin z—x cos x—E 2¢cos x—ﬁ
4 4 4

Nyni uz snadno dostavame

. 72' X 1 1 1
lim 7g 2x-1g| —— x| = lim _ _1
e 4 x pia T ) 2
4 4 2¢co8|x—— 2¢cos| X" 2
4 4 4
’ ! : T,
nebot’ funkce ——————  je v bod¢ — spojita.
T 4
2cos | x——
()
1263 lim JMXTSING g, COSXYTCOsd
roa X —a x—a X —a
Reseni:

Pouzijeme trigonometrické vzorce.

xX+a . x—a . X—a
) . 2cos sin sin
. sinx-—sina ) 2 . xX+a 2
lim —— = Ilim = lim | cos . =
x—a XxX—a xX—a xXxX—a xX—a 2 X —a
2
. X—a
sin
) xX+a .
= lim cos lim—=—=cosa-1=cosa.
xX—>a X—a X —d4a




. X+a . x—a . X—a

— 2sin sin sin

COSX —cCcosd 2 2 . X+a 2
a

lim ——— =1lim = lim | —sin
xX—a XxX—a xX—a XxX—a x—a X —

. . x+a . . .
= — lim sin - lim =—sina-1=-sina.
x—>a 2 xo>a X—d -

i ~ . t —cot
12.64 lim 8X7184 |, cotgx—cotga
r—a X —a x—a X —a

Reseni:
sinx sina

. _lgx—tga . cOoSx cosa .. sinxcosa—cosxsina
lim =——=1Ilim ——— = lim =
xoa x—a x>a X—a s>a  (x—a)cosx cosa

. sin(x — a) __sin(x —a) . 1 1 1
= lim =lim ——%1lim =1- —= —.
x>a (x—a)cosxcosa x—a X —a x—>a COSX COSd cos“a cos“a

COSX COSa

. _cotgx—cotga .. sinx sina . cosxsina—sinxcosa
lim =lim ——— = Ilim - - =
x>a xX—a x—a xX—a x—a (x—a)smxsma

. . sin(x —a) . 1 1 1
= lim - —— =—lim -lim — — =1 ———=-—.
x>a (x—a)smxsma xoa  x —qaq *—a sinxsina sin” a sin” a

sin(a — x)

sin (@ + 2x)— 2sin(a + x) + sina
2

1.2.65 lim

x—>0 X

Reseni:
Limitovanou funkci upravime tak, aby argument u sinu se blizil nule pro x jdouci k nule.
sin (@ + 2x)— 2sin(a + x) + sina B

2
X

_ sinacos2x + cosasin2x — 2sinacosx —2cosasin x + sina
= - )

X

. sin(a + 2x) - 2sin(a + x) +sina
lim 5 =
x—>0 X

T (sinacos2x —sina)+ (2sina — 2sin acos x) + cosasin 2x — 2 cos asin x
= |1m =

x—0 xz

. sinacos2x —sina . 2sina —2sinacosx .. cosasin2x —2cosasinx
= lim 5 + lim 5 + lim 5 -
x—0 X x>0 X x>0 X

) . 1—cos2x ) . 1—rcosx . sin2x—2sinx )
—4smahm—2+2$1na11m—2+cosahm 5 =—4sina— +

) (2x) x50 x x>0 X 2



) 1 . 2sinxcosx — 2sinx . ) Sinx(cosx—l)
+ 2sina-— + cosa-lim =—sina + 2cosa-lim =
2 x—0 x2 x—0 x2
cosx —1

=—sina + 2cosa-limsin x- lim
x—0 x—0 X

5 :—sina+2cosa-0-(—%j:—sina.

Je ovSem mozny jesté jiny postup.

sin (@ + 2x)— 2sin(a + x) + sina (sin(a + 2x) — sin(a + x)) + (sina — sin(a + x)) B

oy 2 b 2
2a+3x . x 2a +x . X
2.¢os sin — + 2 cos sin| — —
) 2 2 2 2
= lim 5 =
x—0 x
. X 2a + 3x 2a + x .oX 2a + 3x 2a + x
sin — cos — CcOoS sin — cos — COoS
— lim| —2. 2 |-lim lim -
x—0 X X x>0 X x—0 X
2 2
) .X . X
—2sin (a + x)sm— sin —
=1-lim = — limsin(a + x)- lim =-sing-1=-sina.
x>0 X x—0 x—0 X
2
. cotgla+2x)—2cotgla+ x)+cotga
1266 im S8 +2Y) : gla+ x)+ cotg
x—0 X
Reseni:
cos(a + 2x) 5 cos(a + x) | cosa
lim cotg(a+2x)—2cotg(a+x)+cotga lim sin (a + 2x) sin(a +x)  sina
x—>0 x2 B x—>0 x2 N
_ i 598 (a + 2x)sin(a + x)sina — 2 cos(a + x)sin (@ + 2x)sina + cos asin (a + 2x)sin(a + x) 3
x>0 sin (a + 2x)sin(a + x)sina - x

1
= 1 :
x1—>mO sin (a + 2x)sin(a + x)sina

i 508 (a + 2x)sin(a + x)sina — 2cos(a + x)sin (a + 2x)sin a + cosasin (a + 2x)sin(a + x)
x>0 xz

Prvni limita je ziejmé rovna ———. Vyraz v Citateli u druhé limity je dosti slozity, a proto si

sin” a

ho nejprve upravime.

cos(a + 2x)sin(a + x)sina — 2cos(a + x)sin (@ + 2x)sin a + cosasin (a + 2x)sin(a + x) =
=sina(cos(a + 2x)sin(a + x) — cos(a + x)sin(a + 2x))+ sin (a + 2x)(cos asin (a + 2x) -
— cos(a + x) sina) = sin asin (- x) + sin (a + 2x)sin x = sin x(sin (a + 2x) —sina) =

= sin x-2cos(a + x)sin x = 2sin® xcos(a + x).

Tedy



cotg(a +2x)—2cotg(a + x)+ cotga 1 2sin” xcos(a + x)

lim > =———lim 5 =
x—>0 X sin” a x—>0 X
. 2
2 ) sin x ) 2 2cosa
=———lim -11mcos(a+x): ——-1-cosa=———
sin"q x>0 X x—=0 sin” a sin” a

Zde je ovsem mozné pouzit téz postup z prikladii 46, 50, 67

cotg(a + 2x)— 2cotg(a +x)+ cotga

lim >
x—=>0 X
Mim (cotg(a + 2x) — cot g(a + x)) + (cotg a — cot g(a + x)) 3
B x—0 x2 -
cos(a + 2x) B cos(a + x) L[ cosa _ cos(a + x)
. \sin(a+2x) sin(a+x sina  sin(a + x)
= hrr%) 5 =atd.,
X —> x

ktery se od ptedchoziho téméi nelisi. Mé& snad jen tu vyhodu, Ze pii uvedeni vyrazu
v zdvorkdch na spoleéného jmenovatele okamzit¢ vidime pfisluSnou souctovou
trigonometrickou formuli, protoZze vyrazy nejsou komplikovany tfetim faktorem jako vyse,
ktery bylo tfeba vytykat.

. , -
1.2.67 lim sin(a + x)sin(a + 2x) - sin’ a
X —> x

Reseni:

Nejdiive upravime citatele zlomku. Mzeme pouzit trigonometrické formule.

sin (a + x)sm(a + 2x) —sin“a= (sma COSX + cosa sin x)(sma cos2x + cosa sin 2x) -
—sin’ @ = sin” acos xcos2x + sin a cosasin 2x cos x + sin a cos asin x cos 2x +

+cos” asinxsin2x —sin’ a

Odtud

sin (@ + x)sin(a + 2x) —sin* a cosxcos2x —1

lim =sin’a-lim
x—0 X x—0 X
. . sin2x ) . sinx , .. sinx .
+sinacosa-lim -cosx + sinacosa-lim——-cos2x + + cos” a-lim -sin2x =
x>0 X x>0 x x—>0 X
. 2 .. l—cosxcos2x . . 2
=—sin” a-lim + 2sinacosa +sinacosa + cos” a-0 =
x—>0 X
., < l—cosxcos2x )
=—sin” a-lim + 3sinacosa
x—>0 X

. . 1= 2
Zbyva tedy vypocist jesté hrré COSXCOS oY

X
. l—cosxcos2x . coszx+sin2x—cosx(coszx—sin2x)
lim = lim =
x>0 X x>0 X
. cos” x(1—cosx)+sin” x(I+cosx) »  1-cosx
= lim = lim cos X —
x—0 X x—0 X
. sinx . 1
+ lim sinx-(1+cosx)=1-—0+1-0-2=0
x—0 X 2



Celkem tak dostavame

. . . 2
lim ST (a + x)sm(a + 2x) —sin“a

x—=>0 X

) ) ) 3.
=—sin’a-0+ 3sinacosa =3sinacosa :551n2a.

Miizeme jesté ukazat jeden, ponckud obratnéjsi zplisob vypoctu této limity. Nejprve upravime
Citatele limitované funkce.

sin (@ + x)sin(a + 2 x) — sin® a = (sin(a + x)sin(a + 2x) — sin(a + x)sina) +

+ (sin(a + x)sina —sin’ a): sin(a + x)(sin(a + 2x) —sin a) + sina(sin(a + x) —sin a) =

) ) ) 2a + x X
= sin(a + x)-2cos(a + x)sin x + sina-2 cos -
Odtud
. . . 2 .
__sin(a + x)sin(a + 2x)-sin’a . . sin x
lim = lim| sin (a + x)cos(a + x) +
x—>0 X x—>0 X
sin X
. . 2a+x 2 . . 3.
+sina-lim| cos . =2sinacosa + sinacosa =—sin2a.
x—0 X 2
2
. l—cosxcos2xcos3x
1.2.68 lim
x>0 1-cosx
Reseni:

Pouzijeme metodu vhodného pficteni a odecteni
1 — cosxcos2xcos3x = (1 — cos 2xcos3x) + (cos 2xcos 3x — cos x cos 2x cos3x) =

= (1 - cos3x) + (cos 3x — cos 2x cos 3x) + cos 2x cos 3x (1 — cos x) = (1 — cos3x) +

+ cos3x (1 — cos 2x) + cos 2x cos 3x (1 — cos x)

Odtud
. l—cosxcos2xcos3x . l—-cos3x ) 1 —cos2x .
lim =lim— + lim| cos3x-——— |+ limcos 2xcos 3x =
x>0 1 —cosx x>0 ]—-cosx x—0 1 —cosx x>0
1—cos3x 1—cos2x
= lim ————%— + lim| cos 3x - ———%—— +1:—2+1-—2+1:9+4+1:14.
x>0 l—cosx x>0 1—cosx l l —
x? x? 2 2

2
1.2.69 hmtg(aer) tg(a— x)—tg a

2

x—>0 X

Reseni:

_ Iga+igx . Iga—igx _ 02
l—tgatgx l+tgatgx

_tgza—tgzx—tgza(l—tgzatgzx)_tgzx(tg“a—l)

- 1-tg’a tg’ x - 1-tg’a tg’ x

tg(a+x) tg(a— x)—tgza a=

Odtud



2

2
fim gl ) glam N migta a0 L (et
x>0 X x>0 x° x>0l —fgtatgx 1
. sin* a sin*a —cos* a (sin2 a — cos’ a)(sin2 a + cos’ a) cos2a
=igla-1=—1—-1= : = " =—-—0
cos” a cos” a cos” a cos” a
1270 Tim 1= COS(14_ cos )
x>0 X
Reseni:
lim 1 - cos (14— cos x) im 1—cos(l - C(;S x). (1- C(A)‘S x)’ im 1—cos(l - cc;s x).
=0 X x>0 (1 -cosx) X x>0 (1 -cosx)

C (1-cosx) 1 (1)2 ]
-llm - =— = =—.
X0 X 212 8

) .
1271 lim 25,‘“2 xtsinx -l
x_,% 2sin”“ x—3sinx +1

Reseni:

Dosadime-li % do citatele a do jmenovatele uvazovaného zlomku, vyjde nam vzdy O.
. 1. . .

Znamena to tedy, ze Cislo sm% = ) je kofenem jak polynomu 2y + y — 1, tak i polynomu

2y* =3y + 1. Snadno dostavame rozklady

2y° +y—1:2(y+1)(y—%j

22 —3y+1=2[y—%](y—1)
Odtud

. . 2(sinx+1) sinx—l . l+1
. 2sin"x+sinx—1 . 2 . sinx+1 9
lim = lim = lim =

P . 2 _ . T T . _ - 1 _ -
i 2sin” x —3sinx +1 i 2(sinx—;j(sinx—l) x> Sinx 1 -

2



()
sin x—g
1.2.72 lim ———=

% 1—2cosx
3
Resent:
) T ) V4
sin| x — — sin] x — 2=
snlx-3) )
Iim ———< = lim
% 1—2cosx PN T T
3 3 1-2cosl|x——|+—
3 3
) i
sin| x — —
73 1-2|cos| x - F -l—sin x-= ﬁ
3)2 3) 2
) T
sin| x — —
| %)
= lim =

i oelt)

+ 3sin(x— ”j
3

. T
Simm| X ——
( 3)

x_ﬁ
- lim 3 - !
Y 1—cos(x—§j sin(x—] 5-O+\/§
: .(x_”j+\/§
Vs _r
x_i
( 3) 3
3
1273 lim 8 X=38%
o T
3 Ccos| x+ —
%)
Reseni:
3
lim tg'x —31gx ~ lim tgx(tgx ﬁ)(tgx+\/§)

iz T iz
3 COS X‘¥;§ 3

- lim ;g x + 3)=3- lim

z Vs
“3 cosl x + =
6

x>
3

X

T
COS| X + —
(6j

tgx—\/g -2\/3261'

= lim #g x- lim

x>
3

sin x

COS X

g

x>
3 COS

G

im ————— =
z T
23 cos| x + =
6

x -3



) sinx —+/3cosx
=6 lim

) 1 . sinx —+/3cosx

=6 lim ——- lim =

P T x5Z2 COSX o~ T
3 COS X COS x+g 3 3 CoS x+g

. 3
1 —sinx — ——CosXx

. T . T
SN X COS— — COSXSINn—

COS—X
Reseni.
2
hr% * - —h2 (x—2)(x+2) :lim2 (x+2)- x-2
s tx T cosz[(x—2)+2] 7 cos[4(x—2)+72[}
Vs
“(x-2)
= 4-lim X2 =—4-i-1im2 4 __16
T —sinz(x—2) T sin—(x—2) _T

1275 ljm o3~ smX

)H% cos2x

Reseni:
Ccosx —sinx . Ccosx —sinx ) Ccosx —sinx

lim ——— = lim —— = lim - - =
x_)% cos2x x_,% Ccos” x —sin” x )H% (cosx—s1nx)(cosx+smx)

) 1 1 1 A2
= llm - = =—_7_

Z CcOoSXx +SInx T . T N
7y cosz+sm— 2



G B G o[

sin| x —— sin| x —— sin| x ——

lim —6:1im —6:1im 6 =
% \/g

X cos” cosx 7% 2sin1 7[+x sin1 i X i
- 6 - - 6 — — | — —| — —
y O 6 2\ 6 216

Byl ovSem taky mozZny jiny postup vypoctu posledni limity

. V4
sin| x — —
[-%)
sin (x - Z) sin(x - Zj v |
lim ——————=—-lim —————=-lim 6 - =2
7.1 N | T N ! T 1
6 sin—| — —x 6 sin—| x—"— 6 sin—| x— "~ —-1
2 2 6 1 6 2
2 1 /2
J— x_i
2 6
coz dosazeno vyse, dava opét vysledek 2.
3
1277 lim — - ot&x
x_,% 2—cotgx—cotg'x
Reseni:
- 3 _ 3
lim l—cotg’x — — lim I—cotg’x -
i 2—cotgx—cotg'x 1 (1—cotgx)+(1—cotg x)
2 2
~ lim (1—cotgx)(1+cotgx+cotg x) l+cotgx+cotg x

1+1+1 3

= 1‘ =
o (1—cotgx)+(l—cotgx)(l+cotgx+cotg2x) xlmﬁ 1+1+cotgx+cotg’x

T4+l 4



\/1+tgx —\/1 + sin x

1.2.78 lim 3
x—>0 X
Reseni:
lim \/1+tgx—\/1+sinx " lim (1+tgx (1+sinx) B
x>0 x’ =0 x (\/1+tgx +\/1+s1nx)
sin x .
—sinx
1 . tgx—sinx 1 . cosx 1 smx(l—cosx)
= lim -lim 3 =—-lim 3 —-lim 3 =
x—0 \/1+tgx +\/1+Slnx x—0 X 2 x—0 X 2 x—0 X~ COSX
S TP S TP L W CAE S P
2x-50cosx X0 x x>0 X 2 2 i
xZ
1.2.79 lim
x—0 \/1+xs1nx—\/cosx
Resent:
2 x|/l + xsinx + 4/cosx
lim al = lim (\/ - \/ )—hm (\/1+xsmx +\/cosx)
>0 I+ xsinx —Jeosx *>0  l+xsinx—cosx >0
2
) 1 1
-lim al - =2-lim — =2 — =
x>0 1 —cosx+ xsinx x>0 1 —cosx sinx . 1 —cosx .. sinx
S + 11m72+11m
X X x>0 X x>0 X
1 4
= 2-1—=—
2
4/COsXx —3/cosx
1.2.80 lim
x—=0 sin? x
Resem
1/cosx—%/cosx . (1/cosx—1)+(1—13/cosx) . 4cosx—1 . 1-3/cosx
lim = lim — =lim ————+Ilm———
x—0 sin? x x—=>0 siIn” x x>0 sIn” x x>0 s x
Jeosx =1 cosx —1 ) 1 . _cosx—1

lim ————=1lim = lim -lim

x>0 sin® x x—’osinzx(qlcosx+1) x>0 feosx +1 *>0 sin’x

1.. |cosx—1 x? 1. cosx—1 . x ) o1 1 1
=—lim ———— | =7 lim ———lim| — =—|-—=|1=——
2 x>0 X sin” x 2x-0 x x—0\ sin x 2 2 4

1-3fcosx . 1 —cosx 1

lim————=1lim = hm

*20 sin®x X%0(1+3\/cosx+(3 cosx)zjsinzx 1+\/COSX+( cosx)
liml—(:osx_l1 l—cosx x° _lliml—cosx lim[ X jz—lll—l
x>0 sinx 3 x> x> sin’x| 300 x?2  x-o(sinx 32 6



Celkem tedy dostavame

lim 4/COSXx —3/cosx 1 1 1

¥ >0 sin? x 4 6 12

1—.4/cosx
1.2.81 lim
x>0+ l—COSi\/;i

Reseni:

. 1—4/cosx . 1—-cosx . 1
lim = lim = lim

x>0+ l—cos\/; x>0+ (I—COS(\/;))'(1+1/COSX) "—’°+1+,/cosx.
1—cosx 1 {lcosx' (\/;)2 ] 1 1—cosx

- lim =— lim Xx- =— lim - lim x-
x=>0+] _ cos \/; 2 x>0+ x2 I—COS( /x) Qx>0+ X2 x>0+

.

i

z

. lim X :1.1.0.2:9_
x=0+] = cos \/; 22

1- cosx\/cos2x 3\/c053x
2

1.2.82 lim

x—0 x
Resent:
Nejprve upravime Citatele.
1——cosx \/cos2x {/cos3x = (1 - \/COSZ)C 3\/cos3x)+

+ (\/COSZX 3\/c053x - cosx\/cos2x 3\/cos3x)= (1 - 3,/c053x)+ (3\/0053x - \/cos2x 3\/cos3x)+

+ (\/COS2X 3\/cos3x — COSX\/COSZX 3\/cos3x)
1- cosx\/cos2x {/cos3x . 1-3/cos3x - lim 3\/cos3x - \/0082)6 {/cos3x N

lim 5 = lim 5 5

x—>0 X x—>0 X x—>0 X

. \/COSZX 3\/cos3x — cosx\/cos2x 3\/cos3x
+ lim 5

x—0 X

1—-3/cos3x — _

lim : Mim 1 —cos3x - liml ccz)s3x.
20 X 20 x2(1+3\/cos3x+(3\/cos3x) ) 0 x

. 1 91 3
-lim 2. _-_=

23 2

AR I 3\/cos3x + (3\/cos3x)2
1—.4/cos2x 1 —cos2x

. 3\/cos3x —\/COSZ)C 3\/cos3x . . .
lim > = lim3/cos3x -hm—2 =1-lim =
x>0 X x>0 x>0 X x>0 x2 (1+1/cos2x)

. l—cos2x .. 1 4 1
= lim 5 -lim =—.— =1
x>0 x =014+ Jcos2x 2 2




lim \/cos 2x 3\/c053x - ccz)sx\/cos2x {/cos3x _ lim [\/cos2x {/cos3x]- lim 1- czosx _
x>0 X x—0 x>0
11

2 2

Dohromady tak dostavame

lim l—cosx\/coi2x 3\/cos3x :§+1+l:§.
x—0 X 2 2
1.2.83 lim (sin1/x+1—sin\/;)

Reseni:

Pouzijeme trigonometrickou formuli pro sina —sin .

lim (sin1/x+1 —sin\/;) = lim 2cos ~x+12+\/; - sin Gl 2_\/;

X —> 0 X —> 0

Jx+1+ NE . . - : VA
Funkce cos————— je na celém svém defini¢nim oboru omezena. Déle pak

2
Jr+l-Ax x+1-x . 1
2 T e ax) e (e )
lim (sin1/x+1—sin\/;)=Q.

X —> 0

lim sin
X —> 0

1284 lim tg (tg x) — sin (sin x)

x>0 tgx —sinx
Reseni:
lim g (tg x) - Sl.l’l (sm x) — lim g (tg‘x) —sin (sm x) ~ lim g (tg x) —sin (sm x) _
x>0 tgx —sinx x>0 sin x . x>0 smx(l—cosx)
—sinx
COS X cos X
_ tim| cosx. & (tg x) — sin (sin x) _ lim cos x- lim & (tg x) — sin (sin x) _
x>0 sinx (1 — cos x) x>0 x>0 sinx (1 - cosx)
tg (tg x) — sin (sin x) . tg(tg x) - sin(sin x)
3 hﬂ 3 tg (tg x) — sin (sin x)
=1-lim———*& =22 X =2 lim &Y€ -
x>0 sinx l1—-cosx . sinx . l-cosx x>0 x>
. 5 lim - lim 5
X X x>0 x x—0 X
_y Hn}) [t (tg x) — sin (tg x)] + 3[sin (tg x) — sin (sin x )] _s lin}) 1g (1g x) —3sin (tg x) N
X —> x X —> x
) lin% sin (tg x) —3sin (sin x)
x> X

Vypocteme nyni postupné ob¢ posledni limity



m tg (1g x) - sin (1g x) ~ lim sin (1g x) — sin (1g x)cos (1g x) 3

x>0 x’ x>0 x” cos(tg x)
" lim sin(tgx)'l—cos(tgx). 1 Mim sin(tgx).tgxil—cos(tgx)_ tgx 2_
x>0 X x’ Cos(tgx) =0 fgx X tgzx X
. 2
L] gy Sl ) tgx-hml_C"i(’gx)-(nmtng fim =
cos(tgx) 20 ggx  x20 x o0 1g°x 0 x ¥=0 cos(tgx)
=1.1.l.12.1=l_
2 1 2
5 i tg x — si
sin(t ) sin(sin ) 2cos(gxzsmxj n(gx 2smxj g x + sin
lim gx ; )~ lim ; :2limcos(Mj-
x>0 X x>0 X x—=>0
Sin[tgx—zsmxj Sin(tgx—zsmx) | Sin(tgx—zsmx)
lim : = 2.1-lim SRV Sk LEY T .
x>0 x x>0 Igx—smx 2x x>0 [gX—SInXx
2 2
.limtgx—3sinxzl.limsinxfl—cosx)zhmsinx'liml—czosx.hm 1 =1'l.1=l
x—0 X x—0 X~ COSX x—>0 x x>0 X x—>0coSx 2 2
Celkem tedy
lim tg(tgx)—51'n(51nx) :2.1_‘_2.1:2.
x>0 tgx —sinx 2 2
ax _ab
1.2.85 lim , ay0
x—>b x_b
Reseni:
x b xlna _ _blna (x=b)ina _
lim =" = lim = —limetme & 1o
xob x—5 x—b x=->b x—b x=>b
(x=b)ina -1 (x=b)Ina _
=e"" . lim Ina =a"Ina-lim Ina =a"Ina-1=a"1na.
x>b (x —=b) Ina x>b (x —=b) Ina
. XZ _bxz
1.2.86 lim ————. )0, b)0
x—>0 (ax_bx)
Reseni:
a’ —b* . a® —b"
x? x? li
a - . _x2 x>0 xz
lim = lim =




a’ —b* ~ lim (axz —1)+( —bxz): lim a’ -1 B limbxz -1

—lng—-Inb=n<
b

}1_1;1}) x2 x—0 xz x—0 x2 x—0 x2

na zaklad¢ vysledku piikladu 87.

lim & —2 =1im(“ _1)+(1_bv)=lima L oim2 T e —mp=m?
x—0 X x—0 X x—0 X x—0 X b

op¢t na zékladé vysledku ptikladu 87. Obé predchozi limity je ovS§em moZno vypocist i trochu
jinak. Bez ptikladu 87. se ovSem ani zde neobejdeme

2

(asz _1 (ajx _1
im =% = tim|6” A | chimp im Y o1 n% =
x—0 X x—0 X x—0 x—0 X b b

Ly 5] 5
lim 22— lim| 5" - = limb* - lim “1-mZ=m&
x—0 X x—0 X x—0 x—0 X
Vychéazi tedy

) ) né
._a" =b" nb 1
lim = =

b _ b
12.87 ljm \n¥~Ina
X—>a x—a
Reseni:
X

Inx—1Ina lnf 1 IH{H(LZ_IH
lim ———— =lim —% — =—lim
xX—a X—a xX—>a X ax—a X

(lj X
a a

; ve v c ey v v r . X v s .
Nyni pouzijeme vétu o limité sloZzené funkce. Vnitini funkce je g (x) =— —1 avn¢jsi funkci
a

ry)="ter)
y

lim (i - 1) =0 , lim M =1 Pro slozenou funkci

a y—0 y

f@u»-m[H(zlﬂ

X
a

xX—>a

tedy plati




mP+(2-Q}:mnmﬂ+yyﬂ

lim =

xX—>a 1_1 y—=0 y
a
Celkem tedy vychazi
. Inx—Ina 1 1
lim —— =—1=—.
xX—>a XxX—a a a
b b
12.88 lim >—% 40
x—=>a x—q
Reseni:
b b blnx _ blna
lim =% = fim & =lim e

xoa x—q xX—>a xX—a

blna

b(]nx—lna)_ —

— "™ . fim | L blinx_na))_
x—a b(lnx—lna) X—a
b(lnx—lna) _ —

_ 4" b lim ! figInx-lna

x—a b(lnx—lna) e X—a

b(lnx—lna) _1
X—d -
ab.b.l.l:b-ab‘l.
a




