4.1 ReSeni zakladnich typa diferencialnich rovnic 1.Fadu

4.1.8 Najdéte obecné feseni diferencialni rovnice (x +xy’ ) y' =3=0.

Reseni:
x(l + yz)% =3
3
j(1+y2)dy:I;dx x#0
3

y +y? = 31n|x| + 1n|C|

o+ 3
e *=Cx

4.1.9 Ur&ete partikularni feseni diferencialni rovnice xy’ — y + y*> =0 s pocate¢ni
podminkou y(2)=2.

Reseni:
dy 2
X——=y-
ax y—=Jy
J- dy @ 1 3 l B 1

y=y" *x  yl-y) y y-1
jd_y_ji: dx
b% y—1 X

ln|y|—ln|y—1|:ln|x|+ln|C|
Y
y—

In

= 1n|Cx|
1

Y _cx

y—1

_ Cx

Cx-1
C-2

2= =k=-1
c-2-1

obecné reseni

y

y= partikularni reseni

X —




4.1.10 Najdéte vSechna feSeni diferencialni rovnice x y' = x — y.

Reseni:
X—-y
X
pd
X

x#0

y'=

, du
u==, y=ux, y:ax+u

y'=1-

= =

u
x—+u=1-u
dx

du dx
j1—2u: ¥

— o1 = 2| = Infa|+ In[K]

—In[l = 2u/=2In|x|+ InC
1
1-2u

u—l 1- ! = —lxl— !
2l T ) Cx

4.1.11 Reste Cauchyho tlohu 2xy'+y-3x=0, y(1)=2.

=(C x?

Reseni:
2xy"+y=3x
Nejprve fesime bez pravé strany.
2xy'+y=0
dy
2x—+y=0
dx 4
za’y + ldx =0
y X

2jidy+j%dx=1<

21n|y|+ln|x| =ln|K|
1

K K
y2:_:>y: —:>y:C-x2
X X

Dale feSime metodou variace konstanty.
1

y=al)x
Lo 3
y =a'(x)x 2 —Ea(x)-x 2

Dosadime do zakladni rovnice.



J-x 2dx = a(x)=x2 + konst.

3 1
y(l):[l2 +k0nst.]~1 2 =2 = konst.=1

3 _1
y =(x2 + l}x 2

4.1.12 Reste Cauchyho tlohu xy'+ y=cosx, y(z)=1.

Reseni:
Nejprve feSime bez pravé strany.
xy' +y=0
dy
x—+y=0
dx 4
1 1
—dy+—dx=0
y X

1 1
ZI; dy + I;dx =K
1n|y| + ln|x| = 1n|K|
K

y=-
x

Dale feSime metodou variace konstanty.

e a')gx) B le(zx)
N (a’ x) O!(Zx) + a(x)zcosx




o (x)=sin x + konst.

_ sinx + konst.

x
sin 7 + konst.
y(r)=—"—"""=1 = konst.=x
7

sinx + 7

X
4.1.13 Najdéte obecné feseni diferencialni rovnice x° '+ y> =0.

Reseni:
dy
¥+t =0
dx Y
1 1
—7;dy4——3—dx==0
y X
1 1
—dy+ |—dx=C
Jordr [
l_+_l::C'
y X

X
4 Cx-1

COS X

4.1.14 Najdéte obecné feSeni rovnice y' — y =e"sinx na intervalu

sin x

(kz,(k+1)7), ke N.

Reseni:
Nejprve feSime bez pravé strany.
dy cosx

=0
dx sinx Y
la’y 3 c?sx
y sin x

dx=0

1
J-—dy—J-C X v=C
y sin x
1n|y| - 1n|sinx| =C
y=Csinx
Dale fesime metodou variace konstanty.



y = a(x)sinx
y' =a'(x)sinx + a(x)cosx

COS X

o' (x)sinx + & (x)cos x — o (x)sin x = e* sin x

Sin x

4.1.15 Reste Cauchyho ulohu y' - éy —xte ™, y()= 2L
X e

Reseni:
Nejprve fesime bez pravé strany.

, 3
y=-—y=0

X
la’y - 3la’x =0
X

y
1 1
J-;dy - 3I;dx =C

ln|y|—3ln|x|=C

y=Cx’
Dale fesime metodou variace konstanty.
y:a(x)x3
vy =a'(x)x® + a(x)3x’
3
a'(x)x* + a(x)3x? - 3M =xte™
X
05'()c)=xe_’c2
substituce:
_ R ), R N 1 e
a(x)—jxe dx=| —x —zd ——Eje dz——ze +K ——Ee +K
xdx =-2
2

4.1.16 Najdéte obecné feseni diferencialni rovnice y" —2y' + y =
Cauchyho tlohu pro poc¢ate¢ni podminky y(0) =0, y'(0) = 1.

Reseni:
Nejprve feSime bez pravé strany.

€ v~ .
- afelte poté



y'=2y"+y=0
Charakteristicka rovnice je:
A =22+1=0

A,=1

?, (x)=e

—_ X

@, (x)=xe

Obecné feSeni homogenni rovnice je:
_ X X

vy =C, (x)e +C, xe

X

Cl/ (x)(01 ( )+ Cz/ (x)¢72 (x) =0

Cl (¥)gl (x)+ C, (x)g5 (x) = / (x)

C! (x)e* + C)(x)xe* =0

C/ (x)e" +C, (x)e" +C, (x)xe" = " fxxz

\
—
=
~—
Il
J—

1+ x°
C, (x): arctgx + K,

C(x)=- ad
1( 1+ x?

C (x)z—% 1n(1+x2)+ K,
Partikularni feSent je:
Vp=— %e" ln(l + x2)+ xe' arctg x

Obecn¢ feSeni nehomogenni rovnice je:
V=Vu T Vp

y=e"(C, +xC,)+e" (—%ln(l + x2)+ xarctng

Cauchyho tloha:
y(0)=¢,=0

¥ (0)=e"(C, +xC,)+ C, " +¢* (—%ln(l +x2)+ xarctng+

+e" 1 2 + arctgx + —
2 1+x° & 1+ x
y(0)=C +C,=1 = C,=1

y=xe' + ex[—%ln(l + x2)+ xarctng




4.1.17 Reste diferencialni rovnici y” + 4y’ + 4y =0.

Reseni:

Charakteristicka rovnice je:
A +41+4=0

A, =-2

_ —2x —2x
y=Ce " +C,xe

4.1.18 Reste diferencialni rovnici " + 2y’ + 5y =0.

Reseni:

Charakteristicka rovnice je:
A +21+5=0

Ay =—=1+2i

A, =—1-2i

y=C,e “cos2x+C,e “sin2x

4.1.19 Reste diferencialni rovnici y" + y' =2y =0.

Reseni:

Charakteristicka rovnice je:
A +A-2=0

A==2

A, =1

y=C e +C,e ™

4.1.20 Reste diferencialni rovnici y” + 2y’ =0.

Reseni:

Charakteristicka rovnice je:
A +21=0

A,=0

Ay==2

y=C, +C, e ™

4.1.21 Reste diferencialni rovnici y"+4y =2x> — x.

Reseni:
Charakteristicka rovnice je:



A =20

A, ==2i

y=C (x cos2x + Cz(x)sin2x
C) (%), (x)+ C; (x)g, (x) =0
C,

sin 2x

x)cos2x + Ch(x)sin2x=0 = C/(x)=-Cl(x)
cos2x

(x)e,

()er (x)+ C; (¥)g; (x)= f (x)
(x)

(x)

x)-(=2)sin2x + C, (x)- 2 cos2x = 2x* — x

- 2
2cg(x)§29352—4-2cg(x)cos2x==2x2-x
cos2x

Cé(x)( 2 j:2x2—x
cos2x

C,(x)= (cos;x] (2 x* — x): x* cos2x — %xcos 2x

Cl(x)=- (sin22xj (2x2 - x): — x” sin2x + %xsin2x

C, (x) = J(xz CoS2x — %xcos 2xjdx

Uu=x u' =2x 1
sz cos2xdx = 1 ==X sin2x—jxsin2xdx:
Vv =cos2x v:§s1n2x
u=x u' =1
I, . 1 1 1, .
=, . 1 =—X s1n2x+—xcost——jcos2xdx:—x sin 2x +
v’ =sin2x v=—50052x 2 2 2

+lx0052x —lsin2x +k
2 4
U=x u =1

jGCOSZxdx= 1. =lxsin2x—ljsin2xdx =lxsin2x+
2 v’ =cos2x v:Esm2x 4 4

+ %cost +k

C (x):j X% €08 2% — L xcos 2x |dx = - 7 sin 2x + - x 08 2 — A-sin 2x — —xsin 2x -
’ 2 2 2 4 4

- lcos2x +K,
8



C,(x)= J.[— x” sin 2x + %xsin 2xjdx

1 u==x u =1 1 1 1
j-—xsiandx= ) 1 =——xcost+—J-cos2xdx =——XxC0s2x +
2 v' =sin2x v:—ECOSZX 4 4 4
1.
+—sin2x +k
8
u=x> u' =2x 1
J‘x2 sin 2x dx = ‘ 1 =——x’ cos2x+jxcos2xdx:
v =sin2x v=—50052x
Uu=x u' =1

=, 1 =—lx2cos2x+lxsin2x—ljsin2xdx:—lx2cos2x+
v =cos2x v=551n2x 2 2 2

+lxsin2x+lcos2x+k
2 4
) I . 1, 1. 1 1
Cl(x):J —x7sin2x + —xsin2x |dx =+ —x" cos2x — —xsin 2x — —cos2x ——xcos 2x +
2 2 2 4 4
+lsin2x+K1
8
y =C, (x)cos2x + C,(x)sin 2x
1, 1. 1 1 1.
y=|—=x"cos2x ——xsin2x — —cos2x ——xcos2x +—sin2x + K, | cos2x +
2 2 4 4 8

+ lx2 sin 2x + lxcost - lsin 2x — lxsin2x— lcost + K, |sin2x =
2 2 4 4 8

2 1

:lx ——x—l+K1 cos2x + K, sin2x
2 4 4

4.1.22 Reste diferencialni rovnici y"+ 2y’ = x.

Reseni:

Charakteristicka rovnice je:
A +21=0

A, =0

A, ==2

y=C, +C,e "




Cl+Cye ™ =0

-2C)e ¥ =x = Céz—%xe“

! U=x u' =1 ! !
C,=——|xeXdx= =——xe” +—| e¥dx= xeX¥ +—e* +K
2 2-[ y=er y=len 4 4‘[ ’
2
Clzéx = G="0+K,
1 1
=K, +K,e " +—x> ——x+—
Yy 1 2 4 ]

4.1.23 Reste diferencialni rovnici y"—2y" + y = (x + 1)e™".

Reseni:

Charakteristicka rovnice je:
A =22+1=0

A, =1

y=Ce" +C,xe"

Cle"+Cixe"=0 = C/=-Cjx

Cle" +Cje" +Chxe’ =(x+1)e*

C,=xe" +e"
C, =Ixexdx+jexdx=(xex —e")—i—e" +K,=xe" +K,

2
2 x X u=x u,:2x 2 x X 2 x X X
Clz—jx e dx—jxe dx=| =—x"e" + Ixe dx=—-x"e" +xe’ —e" + K,
X X
Vi=e' v=e

y :(— x’e" +xe' —e +K1)ex + (xex +K2)xex

y=xe —e + K" +K,xe"

2e”
e’ —1

4.1.24 Reste diferencialni rovnici y'—y=

ReSeni:
Charakteristicka rovnice je:



A -1=0

A =1
A, =—1
y=Ce +C,e"
Cl-e"+Cye*=0 = C| -e"=-Cj-e"
2X
Cl.e"-Cj-e "= ¢
e’ —1
2x
C)=-
g e’ —1
1
C| =
e —1
subst.
Com [C demler —12r|=— [ty s Mar oo+ k, =
o= e = = [ = {1 o=k, =
e’ dx=dt

=1-¢" —ln‘ex —1‘+K2

subst.
1 1
C, = dx=le" —1=t |= d
: Iex—lx ¢ t Ir-(z+1)t
e dx=dt
1 A B
- = 4
t-(t+1) ¢ (t+1)
1=At+ A+ Bt
0=4A+B=>A4=-B
1=4
C, I(———]dt—ln|t| Inft + 1)+ K, =Inle* = 1|~ In|e*| + X,
t+1

y=e".1n‘ex —1‘—e"-ln e T —=1-e":In

e’ —1‘ +e K,




